Introduction
All spaces are assumed to be normal Hausdorff. In [9] , Ivanov consider two dimensions ind 0 and Ind 0 defined by Filippov (one uses only G δ -partitions in their definitions, see also Remark 2 at the end of the paper). In particular, he observed that the following sum theorem for Ind 0 is valid.
Theorem I1 [9, Theorem 1] . Let X be a space such that X = ∞ i=1 X i , where X i is a closed G δ -set in X with Ind 0 X i n for every i and some integer n 0. Then Ind 0 X n.
In connection with this theorem, Ivanov formulated: Problem 1 [9, Question 1] . Is the sum theorem for dimension Ind 0 valid for arbitrary closed subsets?
He answered the problem negatively as follows.
Theorem I2 [9, Example 1] . There is a hereditarily normal compact space X such that X = X 1 ∪ X 2 , where X i is a closed subset of X with Ind 0 X i = 1 for i = 1, 2, and Ind 0 X 2.
In this paper, we propose two positive results connected with Problem 1. The first one is Theorem 1. Let X be a perfectly κ-normal space such that X = k i=1 X i , where X i is a closed subset of X with Ind 0 X i n for every i and some n 0, k 2. Then Ind 0 X n.
Recall from [10] that a space X is called perfectly κ-normal if U (the closure of U in X) is a G δ -set in X for every open set U of X.
The second positive result is:
Theorem 2. Let X be a perfectly κ-normal paracompact space and {M α : α ∈ A} be a locally finite cover of X consisting of closed subsets M α of X with Ind 0 M α n for every α ∈ A and some n 0. Then Ind 0 X n.
For our goals connected with the coincidence of the small and large inductive dimensions ind and Ind, we will also mention here another Ivanov's result (see also Remark 2 at the end of the paper).
Theorem I3 [9, Theorem 3] . Let X be a completely paracompact space. Then ind 0 X = Ind 0 X.
In [5] , Fedorchuk observed the following fact.
Theorem F1 [5, Proposition 1] . Let X be a hereditarily perfectly κ-normal space. Then Ind X = Ind 0 X and ind X = ind 0 X.
Recall from [5] that a space X is called hereditarily perfectly κ-normal if every closed G δ -set in X is perfectly κ-normal in the subspace topology.
Using Theorems F1 and I3, Fedorchuk obtained the following.
Theorem F2 [5, Proposition 2] . Let X be a completely paracompact hereditarily perfectly κ-normal space. Then ind X = Ind X.
As a corollary from this fact, he observed that the dimensions ind and Ind coincide for κ-metrizable compact spaces, in particular for Miljutin spaces and Dugundji spaces (because every κ-metrizable compact space is hereditarily perfectly κ-normal [11] ). Other examples of hereditarily perfectly κ-normal completely paracompact spaces were found by Shakhmatov. Recall from [12, Lemma 2.2] that every Lindelöf Σ-space, which is a retract of a G δ -set in a topological group, is hereditarily perfectly κ-normal.
In [5] and in the survey [6] , Fedorchuk asked about a generalization of Theorem F2. Namely, Problem 2 [6, Question 1.6] . Is the equality ind X = Ind X valid for any completely paracompact (compact) perfectly κ-normal space?
A partial answer to this question was obtained by Chigogidze [3] who proved that for hereditarily normal perfectly κ-normal (in fact such spaces are again hereditarily perfectly κ-normal) completely paracompact spaces the inductive dimensions ind and Ind coincide.
In this paper, we propose generalizations of Theorem F2 in another direction. For example, Theorem 3. Let X be an order totally paracompact hereditarily perfectly κ-normal space.
Recall that the notion of order totally paracompact spaces was introduced by Fitzpatrick Jr and Ford in [7] . The class of order totally paracompact spaces is monotone with respect to closed subspaces and every completely paracompact space is order totally paracompact.
We also get a generalization of Chigogidze's result. Namely, Recall that the notion of closure totally paracompact spaces was introduced by French in [8] (see also [2] concerning the definition). The class of hereditarily normal closure totally paracompact spaces is monotone with respect to closed subspaces and every order totally paracompact space is closure totally paracompact.
Observe that Theorems 3 and 4 are corollaries of a general theorem which also unifies the results obtained in our previous paper [2] . A discussion of this can be found at the end of the paper.
Our terminology follows [4] .
Necessary definitions and proofs
First we recall two definitions. Let X be a space. By induction one defines Ind 0 X as follows:
(ii) Ind 0 X n iff for any two closed disjoint subsets A and B of X there is a partition C which is a G δ -set in X and Ind 0 C n − 1, (iii) Ind 0 X = n iff Ind 0 X n and the inequality Ind 0 X n − 1 does not hold, (iv) Ind 0 X = ∞ iff the inequality Ind 0 X n does not hold for any n.
Analogously, one defines the dimension ind 0 . In this case the subset A is a point. It is evident that Ind 0 X ind 0 X, Ind 0 X Ind X, ind 0 X ind X for any space X and Ind 0 X = Ind X, ind 0 X = ind X for any perfectly normal space X.
It is also clear that the dimension ind 0 is monotone with respect to arbitrary subsets of X and the dimension Ind 0 is monotone with respect to closed subsets of X. If X is the free sum {X α : α ∈ A} of subspaces X α , α ∈ A, of X, then Ind 0 X max{Ind 0 X α : α ∈ A}.
Recall (see [2] ) that a space X is said to be a CH-space if for any base B of X and for any pair A, B of disjoint closed subsets of X there exist a partition C between A and B in X and a locally finite system µ of closed subsets of X satisfying;
(i) C = µ, where µ denotes the union of all elements of µ,
Recall also that (a) any normal space X with Ind X = 0 is a CH-space and for any CH-space X the conditions ind X = 0 and IndX = 0 are equivalent (ind X = 1 and IndX = 1 are also equivalent) (cf. [2, Theorem 2.1]); (b) a space X is a closure totally paracompact space if and only if X is a paracompact CH-space.
We continue with the following.
Lemma 1. Let X be a perfectly κ-normal space. Then for every open subset U of X the subspace U is perfectly κ-normal.

Proof. Let us observe only that for any open subsets U and V of X we have
Proof of Theorem 1. Apply induction on the number k of closed subsets. If k = 2, then let us consider the following open subsets of X. Namely,
Observe that U i is a G δ -set in X and Ind 0 U i max{Ind 0 X 1 , Ind 0 X 2 } n for every i. By Theorem I1, we have Ind 0 X n. Let now k 3. Define
and U i is a G δ -set in X for every i. By Lemma 1, the subset U 1 is a perfectly κ-normal space in the subspace topology. Hence, by inductive assumption, we have Ind 0 U 1 max{Ind 0 X 1 , . . . , Ind 0 X k−1 } n. Observe also that Ind 0 U 2 Ind 0 X k n. By Theorem I1, we get Ind 0 X n. One can easily check the following two statements.
Lemma 3. Let X be a hereditarily perfectly κ-normal space and A be a closed G δ -set in X.
Then the subspace A is hereditarily perfectly κ-normal. In particular, Ind 0 A = Ind A. In particular,
Lemma 4. Let X be a space and C be a partition in X with a pair of open disjoint subsets U, V of X such that X = C ∪ U ∪ V . Then there exists a partition C 1 with a pair of open disjoint subsets
Now we are ready to prove the following.
Theorem 5. Let K be a subclass of the class of paracompact CH-spaces which is monotone with respect to closed subspaces and X ∈ K.
If X is also a hereditarily perfectly κ-normal space then ind X = Ind X (= ind 0 X = Ind 0 X).
Proof. First we show the equality ind 0 X = Ind 0 X. Apply induction on n = ind 0 X. For n = 0 we have ind X = 0 and so the equality Ind X = 0 is valid due to (a). It is clear that Ind 0 X = 0. Let n 1 and ind 0 X n. Let us consider a base B of X such that for every element B ∈ B we have Ind 0 Bd B n − 1 (here we use Lemma 3, the inductive assumption and the monotonicity of Ind 0 and the subclass K). By the definition of CH-spaces, for every pair A, B of disjoint closed subsets of X there exist a partition C between A and B in X and a locally finite system µ of closed subsets of X satisfying;
Observe also that we can suppose that the partition C is a G δ -set of X (recall that X is perfectly κ-normal and apply Lemma 4) and hence the subspace C is perfectly κ-normal. By Theorem 2, we get Ind 0 C n − 1. Hence Ind 0 X n. The equality ind 0 X = Ind 0 X is proved. Now let us recall that by Theorem F1, we have Ind X = Ind 0 X and ind X = ind 0 X. This completes the proof.
Proof of Theorem 3.
Recall that the class of order totally paracompact spaces is a subclass of paracompact CH-spaces which is monotone with respect to closed subspaces. Apply now Theorem 5.
Recall (see [3] ) that a space X is called quasi-perfectly normal if the closure of every G δ -set of X is a G δ -set in X. Observe [12, Lemma 2.1] that every Lindelöf Σ-space which is a retract of a G δ -set in a topological group is quasi-perfectly normal.
The following is known from [3] :
(c) If X is a quasi-perfectly normal space, then X is perfectly κ-normal.
(d) The property of being quasi-perfectly normal is inherited by G δ -sets (in particular, by closed G δ -sets). (e) Every hereditarily normal perfectly κ-normal space is quasi-perfectly normal [3, Corollary 1].
It follows from (c) and (d) that every quasi-perfectly normal space is hereditarily perfectly κ-normal and hence using (e) we get that every hereditarily normal perfectly κ-normal space is hereditarily perfectly κ-normal.
Proof of Theorem 4.
Recall from (b) and [2, Lemma 2.2] that the class of hereditarily normal closure totally paracompact spaces is a subclass of paracompact CH-spaces which is monotone with respect to closed subspaces. Apply now the last observation about hereditarily normal perfectly κ-normal spaces and Theorem 5.
Let d be a dimensional function which is monotone with respect to closed subspaces. We shall say that the (locally) finite sum theorem for d in dimension k 0 (shortly, (L)FST(d, k) ) holds in a space X if for any (locally) finite system {F α : α ∈ Ω} of closed subspaces of X with dF α k, we have d( {F α : α ∈ Ω}) k.
In [2] , we proved the following.
Theorem 6 [2, Theorem 2.2(i)]
. Let K be a subclass of the class of CH-spaces which is monotone with respect to closed subspaces and X ∈ K. If LFST(Ind, k) holds in X for any k 0, then ind X = Ind X.
As corollaries to this theorem, one can get the coincidence of ind and Ind for a space X with LFST(Ind, k) for any k 0 (in fact, it is enough with FST(Ind, k)) if the space X is either an order totally paracompact space or a hereditarily normal closure totally paracompact space.
Observe that the space X from Theorem I2 has Ind X = ind X = 1 (there is a base for X consisting of open sets whose boundaries are either one-point sets, two-point sets or three-point sets). So LFST(Ind, k) holds evidently for any k in X and hence the case of this space is covered by Theorem 6 (consider the class of all compact spaces as K), but it is not covered by Theorem 5 (recall that Ind 0 X 2). We do not know if Theorem 6 covers Theorem 5. But we will propose Theorem 7 which will cover both these theorems.
Definition. Let X be a space and C be the system of all partitions in X. A subsystem C 1 of C is called a basis of partitions if for every C ∈ C with a pair of open disjoint subsets U, V of X such that X = C ∪ U ∪ V there exists C 1 ∈ C 1 with a pair of open disjoint subsets
Theorem 7. Let R be a subclass of the class of CH-spaces such that every space X from R satisfies the following conditions:
There exists a basis of partitions consisting from elements of R.
(ii) If X is the union of locally finite family {F α : α ∈ A} of closed subsets of X with Ind F α n for every α ∈ A and some n 0, then Ind X n.
Then for every X ∈ R we have ind X = Ind X.
Proof. Apply induction on n = ind X. For n = 0 we have ind X = 0 and so the equality Ind X = 0 is valid due to (a).
Let n 1 and ind X n. Let us consider a base B of X such that for every element B ∈ B we have Ind Bd B n − 1 (here we use (i) and the inductive assumption). By the definition of CH-spaces, for every pair A, B of disjoint closed subsets of X there exist a partition C between A and B in X and a locally finite system µ of closed subsets of X satisfying C = µ and for every M ∈ µ there exists B ∈ B such that M ⊂ Bd B.
Observe also that we can suppose (use (i) again) that the partition C is from R. By (ii), we get Ind C n − 1. Hence Ind X n. The equality ind X = Ind X is proved. Now we will show that Theorem 5 (the part concerning the coincidence of ind and Ind) follows from Theorem 7. Let K be a subclass of the class of paracompact CH-spaces which is monotone with respect to closed subspaces. Denote by H the class of hereditarily perfectly κ-normal space. Define R = K ∩ H. We need to check that every space X ∈ R satisfies the conditions (i) and (ii) from Theorem 7. In order to show (i), apply Lemmas 3, 4 and the monotonicity of K. In order to show (ii), apply Remark 1. Hence, by Theorem 7, for any space X ∈ R we have ind X = Ind X.
Let us show that Theorem 6 follows from Theorem 7. Let K be a subclass of the class of CH-spaces which is monotone with respect to closed subspaces. Denote by H the class of spaces where LFST(Ind, k) holds for any k 0. Define R = K ∩ H. It is easy to see that every space X ∈ R satisfies the conditions (i) and (ii) from Theorem 7. Hence, by Theorem 7, for any space X ∈ R we have ind X = Ind X. 
